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For an inverter~fed induction motor the constraints for the different modes of operation
change many times during a cycle. This is a source of difficulty in analyzing the transient
and steady -state electromechanical performance of the machine. All the available methods
such as the muitiple reference frames, equivalent circuit approach and matrix approach
idea assume the shape of the phase voltage beforehand. Investigation has shown that the
assumption of a known vohage, as in case of a resistive load, is not sufficiently accurate for
current waveform and instantaneous torque determination.

A new digital computer model of a variable frequency, inverter-fed induction motor
system, based on tensor analysis approach is presented in this paper. This model can be
used to predict the performance of the aforementioned system under controlled~-slip,
variable speed operating conditions, It can also be used to optimize system performance.

The paper provides experimental results in verification of the predicted digita] computer
performance figures for both symmetrical and asymmetrical operation of the system.

List of Symbois iu’ i[}’ i7Stator currents

J & k, K Angular moment of inertia and Integers

a, b, ¢ Subscripts referring to rotor phases
g P iL] Speed independent inductance matrix

A, B, C, Subscripts referring to stator phases

L{ Filter inductance
[A]"! Inverse of matrix [A] .
L Source inductance
Cr Filter capacitance .
L3 Self inductance of one stator phase
[CIT  Transpose of connection matrix [C]
. L Effective rotor self inductance of one phase
[C,], Defined matrix P referred to rotor )
E Inverter dc input voltage m Subinterval number
f Frequency, function n Interval number
(Gyyyr,) Speed dependent impedance matrix P Subscript of referring to primitive parameters
i Instantaneous current p Number of pole pairs
[i] General current vector d
. . p o
li,,] Initial current vector dt
li,] Current vector at time interval (n A ©) r Superscript referring to rotor parameters
i, 1 Rotor currents referred to stator R Resistance
NN Actual rotor currents R, Filter resistance
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RS Source input resistance

S Superscript referring to stator parameters
t & t Time and Conduction time of thyristor
At Time interval

T Electromagnetic torque

T, & (U] Load torque and unit matrix

v Instantaneous phase voltage

V] General voltage vector

“\?5 Forcing function

w Electrical angular. frequency

X, X, State variables

o Thyristor firing angle

£ Inverter terminal voltage

[ ¥ ] Instantaneous inductance matrix
A i

] Rotor angular displacement

1

] Rotor angular speed
. Introduction

The inverter — induction motor systems are
becoming of increased practical use. Therefore, a
need arised for an improved digital computer
model for calculating the dynamic and the
steady—state behaviour of such systems.

The constraints imposed on induction motor
modes of operation change many times during a
cycle and considerable difficulty is encountered in
analyzing the electromechanical transient or steady
state conditions.

All the available methods such as multiple
reference frames, equivalent circuit approach and
others [1—8] assume the shape of the phase voltage.
In reality, then such methods use the ideal inverter
voltage in case of resistive load as an ideal voltage for
the inductive load and induction motor load.

The investigation shows that the assumption of a
known voltage, as in case of a resistive load, is not
sufficiently accurate for current waveform and
instantaneous torque determination [9].

A new digital model based on tensor analysis
approach, is proposed to calculate the
inverter—induction motor system behaviour without

the need to assume the shape of the inverter output

phase-voltage, Hence the model is generalized to
handle other cases such as converter—inverter
induction motor system and cycloconverter —
induction motor system considering filter and
source impedances.

Torque pulsations are investigated for different
cases and compared in cases of symmetrical and
asymmetrical operation.

2. Basic Equation

The following voltage equation is applicable to
each winding of stator and rotor of three phase
induction motor:

V=X +Ri n

The basic equation is obtained by using the
concept of power invariance [10]. Its basic tenet is to
transform the time dependent equation (1) to time
independent equation in a way similar to the direct
and quadrature axes transformations |3, 6]. However,
the transformation is done without change in stator
variables so that (a) these quantities may easily be
obtained and (b) the focred inverter terminal
constraints could be applied to the equation. The
variable stator—to-rotor mutual inductances can be
made independent of rotor phase position w.r.t.
stator phases by transforming the rotor quantities to
a stationary reference frame as summarized in
appendix (A).

Equations of five variables are obtained without
hindering the physical meaning behind these
equations. These variables can be arranged and put in
the following abstract notations:

V], = Gy il + [LL p [, ()

where;
VatVetVe i
VA—VC ia
[V]P_ A > ily= %3 (2a)
JR® 0 0 0 0
0 2R® RS 0 0
0 RS 2RS  —3mw’ 0
Gyrl= 0 0 3Mw 2R’ Rr*'}"f‘l«,;wr
0 0 0 RY—AQ“ Lrw’ 2R7
2 P
] (20)
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This equation is arranged in a form, so that normal
constraints upon the voltage of the machine,
imposed by the known inverter switching
connections, can be directly applied. In addition, the
solution for the dependent current variables can be
easily interpreted in terms of the phase currents,
Therefore, equations (2) are taken as  primitive
equations for inverter—induction motor system.
With the basis of tensor analysis [11] the phase
voltage is not assumed as in the previous methods
[1-8].

3. Method of Analysis

With many inverter modes, the voltage applied to
the motor phases is obtained by a series of thyristor
switchings for the phases across a DC source
periodically. The most common example is the six
interval inverter system.

The motor equation for each interval can be
obtained by using the connection matrix between the
primitive system and the interval system as in the
following:

Interval «1»

Thyristors, 1, 4 and 6 in Fig. (1) are ON as shown
in Fig. (2b). The rotor has the same connection for all
intervals similar to the primitive connection.
Therefore, the connection matrix [C] between the
primitive variables in equation (2) and the new
variables shown in Fig. (2b), can be written by
comparing Fig. (2a) with Fig. (2b) as:

i1, = cl, 1, 3)

or

1
o
o D
<
]

- (4)

)
L
R

o ©

=

L

- o

S

Applying the tensor basis (4) to equations (2) and (3)
yields:

Fig. (1). Stepped wave inverter

V], =[Gy, [, + (L] P 1], (5)

where

V. -V E

V=V 0
[\r’r]l = [C]T] [V]P s = ! (Sa)

0 0

0 0]
[Gyr), = [CT7 G ) IC, (5b)

and

(L], = [CT", [L], [C], (5¢)

Interval «2,

Thyristors 1, 3 and 6 in Fig. (1) are ON as shown
in Fig. (2¢). The choice of the new variables is similar
to interval «1», hence, the connection matrix [C], is

similar to [C] and by the same way we get:

V], =[G ), li, + (L], 2L, (6)
where
vl e
vi=| o (62)
: 0 0
0 OJ

Inrerval « 35

Thyristors 3, 2 and 6 in Fig. (1) are ON as shown
in Fig. (2d). As before, the following equation is
obtained:

VI, = [Gor), B, + 1L REL )

Coeb Gl ¢ aeadl S (1 gey ) BT sl ¢ bl Al ¢ laubt ol U2
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where

<<

(7a)

Interval «4»
Thyristor 3, 5 and 2 in Fig. (1) are ON as shown
in Fig. (2¢). As before, the equation will be:

V], =[Gy, [il, + L] R L), (8)
where
VA—-VC -E
VB—VC 0
Vl= = (8a)
0 0
0 0 J

Interval «5)

Thyristors 2, 5 and 4 in Fig{1) are ON as shown
in Fig. (2f). The equation will be:

V), = (G, Lil, + [L], P L, (9)

where
vl | |
B 'C -
[Vi= = (9a)
0 0
0 0

Interval «6y

Thyristors 1, 4 and 5 in Fig. (1) are ON as shown
in Fig. (2g). The equation will be:

V], = [Gyr), il + L), L), (10)

where
VA—VC 0
VvV -V -E
B €
[V]6= = (10a)
0 0
0 0

4. Mathematical Model

A general model is proposed to solve the
inverter—induction motor system permitting a
convenient and simple method of analyzing steady
state modes as well as transient processes,
considering speed pulsations in case of symmetrical
and asymmetrical triggering. Equations (5) through
{10) can be rearranged as follows:

Rli], = L, (G [, + [LL T IV], (D)

The solution to equation (11) for any time {(n A t)
expressed in terms of the system initial conditions at
(n-1) At is given by [12]:

(] = lAMIAL;
lil, = ™AL +[[U] —e{’““)mt]

G, ] IV], (12)
where
(A, )= -7V IG,), (22
and
[G,)] = [Gyr ), (12 b)

To apply equations (12), it is necessary to find the
initial current vector [i(n_”] assuming the speed is
constant for each interval.
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Equation {12) can be used with more accuracy
when each interval is divided to subintervals {K) as:

. S S I T
likomley = € em Uik o]
+[[U] ~eam! Aﬂ (G ) V], (13
where
m=0,1,2, ... K subintervals (13 a)
and
n=20,1, 2, ... N intervals (13 b)

Once the induction motor currents are calculated,
the inverter input current can be evaluated simply by
using the interval relation matrices | to 6 derived
from Fig. {2) as follows:

Interval « 1y

lm(l)

=1 0] (14a)
i, ]

Interval «2»

iin(l) = {1 - 1] Li (14b)
Interval «3»
~ l_l-
by =0 10| (140)
L' 3
Interval «4
i
i = -1 0l , (14d)
Ly
Interval «5»
i
sy = -1 1 {14 )
hd
Interval «6»
I
i =00 1 (14D
i
234

?vhere li"fn to L represent the currents during
intervals

to 6 respectively.
5. Application of The New Digital Model
A digital computer is used to solve equations (1 3)
and (14) with emphasis on two major applications,

namly, steady-state and transient—state for
symmetrical and asymmetrical triggering.

5.1 Symmetrically Triggered Thyristors

For symmetrically triggered thyristors equation
(13) is used with equal time intervals. In addition to
equation {13), the dynamic behaviour of the system
can be studied by the equation governing the change
of rotor speed as:

» p T
Po = {[i(n)]T (G~ [R] [i(n)]J Tw ” _]L (1s)

The differential equation (13) can be arranged in a
form suitable for digital computation by using any
numerical method such as Runge—~Kutta method or
Predictor—corrector method, etc. If the Predictor—
corrector method is used, equation (15) can be
rearranged in the following form:

8° (MK+m+1) = §(nK+m) + AtP# (nK+m)  (16)

B nK+m+1) = b (nK+m) + 8%nKrm+1) .

2
éz_t P%(nK+m) an
#*nK+m+1) = B (nKem) + ézk_' nK+m+1)

Sl p 4! (nkrm) (18)

The iteration is terminated when two successive
iterations converge to the desired accuracy.

The system of equations (13), (16}, {17} and (18)
can be solved by introducing the initial values for the
currents and rotor speed. Hence, these equations are
suitable to solve any sudden change. Also it can be
used to get the steady-state solution whether the
speed is constant or not.

5.2 Asymmetrically Triggered Thyristors

For practical reasons the inverter—induction motor
system may have asymmetrical triggered wave as
shown in Fig. (3). Equations (13), {16), (17) and (18)
must be modified so that the lengthened interval and
the shortened interval have the correct number of
sub—intervals. This may be done as follows, take for
example, an interval (n) as lengthened one and (n+1)
as a shortened one as shown in Fig. {3). The program
must be designed so that interval {n) has a number of

LT I Sy A Y CTRED 1 (IR ot U BT R
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Fig. €4). Converter inverter induction motor system

sub-intervals higher than K and interval (n+1) has a
number of sub—intervals less than K. By doing this
the solution is obtained using equations (13), (16),
(17) and (18) respectively.

5.3 Application to the Analysis of a
Converter—Inverter Induction Motor Drive

The new digital model is employed to establish a
method for calculating the inverter —induction motor
variables when supplied by any voltage shape. In
converier —inverter system, the input inverter
voltage depends on the inverter-induction motor

variables because of filter and source impedances as
shown in Fig. (4). The equivalent circuit and
equivalent source voltage are shown in Fig. (5). The
equation describing the system shown in Fig. (5), is
derived as follows:

Vo = RELD) G+ C B (19)
where
R=RS+RfandL:LS+Lf (19 a)

The inverter input currents can be expressed in terms
of the motor phase currents by using equation (14)
after being put in the following form:

1in{n) = [C]n [l]n (20)
where
[C, 1 0 0 o0
[cl, I -1 0 0
€L} _ [0 -1 0 0
€= [ 0 o o (20 a)
[C] -1 1 0 0
[Cl o 1 0 0

Combining equations (19) and (20) and using
equation (11) for the vector R(i) yield.
Viw = [RICL + LIC] [L]7" Gy ] L], +
LIC] L) 'Ic] e+RCPE +LCRE (2D

where, [(3\,]n £ = [V]n 21 a)

The second order differential equation (21) can be
rewritten as a set of two first—order differential
equations by using the state—space approach (12). A
set of state variables sufficient to describe this system
is the inverter terminal voltage (£) and its rate of
change (P ¢). Therefore, we will define a set of state

variables as (x,,x,) where:

x (=€) and x (O =Re(t) (22)
Equatxon {21) can be wntten in terms of the state
variables as follows:

P X, = x, (23)

|
- MO L, e ok -~ x4
Cj x\—.r; { L 2
St (24)
LC
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Inverter
induction
motor system

"1

{a} Converter equivalent circuit

¥ Y wit

wit

{b) Equivalent source voltage wave shape

Fig. (5). (a) Converter equivalent circuit
(b) Equivalent source voltage wave shape

Thus this set of simultaneous differential
equations may be written in matrix form as follows:;

X, 0 | 0
P =l 1 . R R
;X: —_C:- [C}n [L]n [C\’]n Mf —FC_; [Cjn
| -
+Tf[C]“ [L]l ! [G(Wr)]

X, 0

X+ V(n) (25)

[, LC,

Equations (25), (11) and (14) form a perfect and
complete model for converter—inverter induction
motor system which can be solved as follows:

The forcing functions (?S) is known according to
the known A.C. supply voltage and the converter
firing angle ( @ ). Because of converter effect, this
forcing function (V) is a sinusoidal function that is
repeated every half cycle with respect to the
frequency of the A.C._supply. The acting time (tc) of
the forcing function (V) begins with the firing time
of the converter and {s continous as long as the
current through the conducting thyristor is positive.
Once the thyristor current goes to zero, the forcing

function becomes zero and will continue to be zero
until the start of the second firing time and so on.
The thyristor conduction time (tc) is affected by the
forcing function which is the load torque.

In short, the system of equations (11), (14) and
(25) are summarized as a set of simultaneous
differential equations as follows:

X
Pl x, | =|flx
e

f

x, lilo oo |+ | 1OV, T)|26)

| R

It is evident that the computer programme
utilizing the mentioned approach is still not
complicated. This justifies its implementation for the
study of converter—inverter systems.

The digital computer model presented can be
used to predict the interaction between the load
and the source of a converter—inverter system taking
into account the effects of filters and series
impedances.

6. Comparison of results

The experimental torque oscillograms for the case
of imperfect symmetrical triggering as shown in Fig.
(6), has the fundamental torque pulsations
superimposed on the sixth harmonic. The
experimantal oscillograms for the case of perfect
triggering as depicted in Fig. (8) show the sixth
harmonic torque pulsations only. This is also
indicated by the digital computer results as shown in
Fig. (7).

The reason behind the unexpected torgue
pulsations as depicted in the experimental
oscillograms of Fig. (6) can be obtained from the
digital model results of Figs. (9), (10) and (11} for
different degrees of asymmetry. These figures show
that the motor torque pulsations are very sensitive to
the degree of asymmetry in triggering. In Fig. (11) for
example, an asymmetry of 2.5° in one interval
resulted in the modulation of the six pulse torque
wave by a double amplitude fundamental wave. In
Fig. {10) however, an asymmetry of 2.5° in each
interval led to a distortion of the six pulse wave.

7. Conclusion

An inverter requires direct knowledge of the state
of its phase quantities. The proposed transformation
of the machine equations retains the stator phase
variables while eliminating the time and position
dependence of the machine inductance parameters.

Therefore, this transformation expedites the

L G R N
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matching of the output terminal conditions of the
inverter to the input terminal conditions of the
induction motor and this in turn expedites the
matching of the output terminal conditions of the
converter or the DC source to the input terminal
conditions of the inverter for any operating type,
while retaining computational simplicity. Thus it is
evident that the model is useful for evaluating the
transient and dynamic performance of the induction
motor in case of symmetrical or asymmetrical
inverter operation. The model lends itself to easy
manipulation, taking into account the source
constraints and operating conditions of the converter
and inverter. Detailed equations derived in a form
which is directly soluble on a digital computer and
should be useful, along with the interval state
technique suggested, in the study of the dynamic,
and transients in case of symmetrical or
asymmetrical operation of any inverter type and
cycloconverter.

This model enables one to consider the DC
linkfilter easily without approximation. The model is
applied for symmetrical and asymmetrical cases. It
shows that the motor torque shape is very sensitive
to the asymmetry of triggering. The asymmetry of one
interval led to modulation of the six pulses wave by
the fundamental pulsation. The asymmetry for
each interval led to a distortion of the six pulse wave.
These pulsating torques may lead to higher shaft
stresses and speed oscillation.

Appendix (A)
Transformation of Retor Variables

The following equations describe the electrical
operation of the induction machine in terms of the
phase variables:

v i

ABC ARC

; Ri+20y1| | (A-1)
V,abc labc

Assuming a short circuited rotor, there is no
zero sequence rotor voltage and hence, no zero
sequence rotor current. Hence, the rotor variables
are reduced to two instead of three by using the fact
that

IR N (A-2)

Equation (A-1) could be transformed and reduced
to five variables from six, obtaining the connection
matrix [C] from
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Then the rotor variables are changed to stationary
variables. These are the current variables which,
when flowing through stationary windings, produce
the same rotor MMF as do the actual rotor currents.

The fictitious stationary rotor coil currents are ia, i
i,
<

The relation between the five variables of the
current vector in equation {A~3) and the stationary
A, B, C, a, b current variables is:

.
ifflooo 0 0 ||is
;1000 0 0 |t*s
i =0 0 0 0 0 |lidta-4)
i1 10 0 0 ~cos(P§-30) 4 sin(P) |fi,
11000 Zgnpe) Zcos(Pg+30)|

The connection matrix for this transformation can be
obtained from equation (A -4).

The stator variables can be reduced to two
variables instead of three without missing the stator
terminal individuality. This is done by excluding the

zero sequence current of i,,1p, i to be il 17,

By applying equation (A—2), equation (A—4) will
be:

,Qélijliulg-cia&lw,(\z.\)d‘,ﬁ"a.\a}‘ cdul.ﬂ.’,ﬂ c&_.»—l:&l‘-)u\ﬂ;.
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10 0 0
01 0 0
—1 -1 0 0

00 2 2 i
f:3‘-COS(P0) /3 cos (Pg +30) %

When the transformations represented in equations

(A-

3) and (A-5), are successively applied to

equation (A—1) and the zero- sequence is considered,

the following equation is obtained:
- h
V +V +V
V V
V -V,
0
0
3R* 0 o 0 0 7
0 2R® 0 0
0 R® 2RS 0 0
0 0 JTIMw' IR’ R + 35/'.7Lr wr x
P
0/3Mw 0 R? - 3—{1 L' ow 2R
3L0 0 0 0 0 1
0 3LpS —%L; 2M M ia
+ |0 73L5 3L; M 2M iB (A-6)
} 0 M M" 3L ;LL; i
.a Ir'r :
iy 0 M 2M ‘2‘Lp 3 iy
or
V] =[Gy, i, + [L] R[] (A-7)

Appendix (B)

Farticulars of The Induction Motor Used in Compu-

tation
Connection Star
Rated Power, kw. 4.
Rated Voltage, Volt. 380.
Frequency, HZ. 50.
No. of poles 4
Full load stator current, Amp. 9.

Equivalent circuit parameters referred

to stator, Ohm:

RS 1.360
R’ 1.426
X! 2.530
X' 2.530
X" 09.230
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